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We show that the following two conditions, for each integer r 1, are equiva-
lent for a finitely generated module M over a complete Noetherian local ring
Ž .R,  :
Ž . qa For each integer q 1, there is a submodule N  M such that MN isq q
embeddable in Er, where E denotes the injective hull of the residue field
R.
Ž . r Ž .b Either M E , or else dim Hom R, M  k r and there is noR R
Ž . rk1prime ideal  such that dim R 1 and R is embeddable in M.
ŽThis is an extension of a result of M. Hochster 1977, Trans. Amer. Math. Soc. 231,
.463488 , which is the case r 1. We show other results related to these condi -
tions.  2001 Academic Press
INTRODUCTION
All rings we consider in this paper are assumed to be commutative
Noetherian with identity, and all modules are assumed to be unital.
The purpose of this note is to understand two conditions in the abstract
 	 Ž .above. In H Hochster proved the equivalence of the conditions a and
Ž .b when r 1 to characterize the local rings R, named approximately
 	Gorenstein in H , such that RM is pure whenever it is cyclically pure.
Ž Ž .We point out that when M R, the condition a is an extension of the
fact that the Monomial Conjecture implies the Direct Summand Conjec-
Ž .ture, and the condition b provides a practical way to tell which local rings
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Ž ..  	satisfy the condition a . Recently Heinzer and Huneke HH found an
Ž . Žinteresting, and rather surprising, application of the condition a with
.r 1 to the invertibility of content ideals of Gaussian polynomials over
approximately Gorenstein rings. Our extension to r 2 doesn’t seem to
have similar applications because the properties of 0-dimensional Goren-
stein rings, which can be assumed in the case r 1, are critical in their
 	  	arguments, i.e., in H , the fact that they are self-injective, and in HH ,
local duality in dimension 0.
Ž .  	Let R,  be a local ring. Following Hochster H we say that a finitely
generated module M has small cofinite irreducibles, or satisfies the
Ž .condition SCI , if the following holds:
Ž . qSCI For each q 1 there is an irreducible submodule N  Mq
such that MN is of finite length.q
We recall that a submodule NM is said to be irreducible if N N1
or N N whenever NN 
N . When MN is of finite length, the2 1 2
Ž .irreducibility of N is easily seen to be equivalent to dim Soc MN R
Ž1, or equivalently, MN E. E denotes the injective hull of the residue
Ž . Ž .field R and Soc MN Hom R, MN denotes the socle ofR
. Ž .MN. Hence M satisfies the condition SCI if and only if M satisfies the
Ž .condition a above with r 1.
Ž .We now rephrase the condition a so that it will be meaningful for
infinitely generated modules. Since  qM is the kernel of the natural
homomorphism from M to the injective hull of M qM Et, where
Ž q .t dim Soc M M , and N is the kernel of the embedding MNR q q
Ž . E, it is straightforward to check that the condition SCI is equivalent
Ž .to the following condition SC :1
Ž . Ž t.Ž . Ž .SC For each fHom M, E t 1 , there is gHom M, E1 R R
such that Ker g Ker f.
Ž .We note that SC is precisely the condition used by Melkersson in1
 	 Ž t.Me : every finitely generated i.e., by the components of f : M E
ˆ Ž . ŽR-submodule of Hom M, E is contained in some cyclic submodule i.e.,R
ˆ . Ž .Rg . Since the condition a is trivial for infinitely generated modules M
such that MM, we rephrase it, in the definition below, in terms of the
Ž .homomorphisms from M to direct sums of E, as was done in SC . The1
Ž .condition b in the abstract, which works well with infinitely generated
Ž .modules, will be called B because it can be rephrased in terms of the 0thr
Bass numbers of M.
Ž .DEFINITION. Let M be a not necessarily finitely generated module
Ž . Ž .over a not necessarily complete local ring R,  . Let r 1 be an
integer.
Ž . Ž .SC M is said to satisfy the condition SC if for each fr r
Ž t. Ž . Ž r .Hom M, E t 1 , there is gHom M, E such that Ker g Ker f.R R
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Ž . Ž .B M is said to satisfy the condition B if it satisfies the conditionr r
Ž . Ž . r Ž . Ž .b , i.e., either i M E , or else ii dim Hom R, M  k rR R
Ž . rk1and there is no prime ideal  such that dim R 1 and R is
embeddable in M.
Ž .It is easy to check that the condition SC is equivalent to the conditionr
Ž . qa for a finitely generated module M: for each q 1,  M is the kernel
of the natural homomorphism from M to the injective hull of M qM,
and for each f : M Et, there is q 0 such that  qM Ker f.
Ž . Ž .Let  p, M  dim Hom R R , M denote the 0th Bass0 R R   
Ž .number of M with respect to the prime ideal . The condition B can ber
rephrased as follows:
ŽŽ . . Ž . Ž .B in terms of Bass numbers Either i   , M  r andr 0
Ž . Ž . Ž .  , M  0 for all prime ideal  , or else ii   , M  r and0 0
Ž . Ž .  , M    , M  r for all prime ideal  such that R 1.0 0
 	 Ž .Using Matlis duals as in Me , we may rephrase the condition SC as:r
ˆŽ .every finitely generated i.e., by the components of f R-submodule of
Ž .Hom M, E is contained in some submodule generated by r elementsR
Ž .i.e., the components of g .
Ž .We will prove see Theorems 1.7 and 2.4 :
Ž .THEOREM. Let M be a module oer a local ring R,  . Let r 1 be an
integer.
Ž . Ž . Ž .i If M satisfies the condition SC , then M satisfies the condition B .r r
Ž .ii Assume that R is complete and M is finitely generated. If M satisfies
Ž . Ž .the condition B , then M satisfies the condition SC .r r
Ž . Ž .We prove i in Section 1 and ii in Section 2. The key step in Section 1
Ž Ž .is Proposition 1.5 which is broken into two parts even though only part ii
.  	is needed for Theorem 1.7 to explain how a certain result in KL imposes
Ž .a restriction only on dimension one primes. See Remark 1.6 for details.
In Section 2 we assume that R is complete and M is finitely generated
so that we may use the Cohen structure theorem, and the following result
of Chevalley:
Ž .  4 Let M : 1 1 be a decreasing sequence of submodules of an
finitely generated module M over a complete local ring R. If M  0,n1 n
Ž . qthen for each q 1 there is n q such that M  M.nŽ q.
Ž .The key step in Section 2 is Proposition 2.3 i which explains why there
are no restrictions for primes of dimension  2: roughly speaking, there
are sufficiently many homomorphisms with images in various parts of E so
Žthat the kernel of their direct sum is not too big. See Propositions 2.2 and
Ž . .2.3 ii for details.
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 	In Section 3 we extend some of the results in Me dealing with the
Ž .condition SC . We also include a few remarks on the E-ring condition1
Ž .due to Hochster, and some questions related to the condition SC .r
 	 Ž .The author was influenced by Me in defining the condition SC inr
terms of the homomorphisms to Et, but the arguments presented here are
 	based on the proofs given in H , and are, we hope, shorter, if not any
simpler.
Ž .1. THE CONDITION SCr
Ž .In this section we show that the condition SC implies the conditionr
Ž .B . Since this implication works in general, local rings are not assumed tor
be complete and modules are not assumed to be finitely generated unless
specified otherwise. The key step in the proof in this section is Proposition
Ž . Ž . r1 Ž .1.5 ii which asserts that R does not satisfy the condition SC ifr
dim R 1.
Ž .PROPOSITION 1.1. Let M be a module oer a local ring R,  . If M
Ž .satisfies the condition SC , then eery submodule N of M also satisfies ther
Ž .condition SC .r
Proof. Let f : N Et be any homomorphism. Since Et is injective, f
t Ž .admits an extension f : M E . Since M satisfies SC , we can find g :r
M E r such that Ker g  Ker f . Let g denote the restriction of g  to N.
Since
Ker gN
 Ker g N
 Ker f  Ker f ,
Ž .N also satisfies the condition SC .r
Remark 1.2. For a finitely generated module M this proposition fol-
 	lows immediately, as was shown in H , from a weaker form of the
Ž .ArtinRees Lemma: Let I be an ideal of R. For each n 1 there is q n
such that N
 I qŽ n.M I nN. This fact may also be easily checked using
homomorphisms to an injective module: Let f denote the composite of the
n Ž n . Ž n .natural homomorphisms NNI N E NI N , where E NI NR R
n Ž n .denotes the injective hull of NI N. Since E NI N is injective, weR
Ž n .may extend f to f : M E NI N . Since M is finitely generated,R
Ž . qŽ n. Ž . qŽ n.f  M is annihilated by I for some q n  0. Hence I M Ker f 
and N
 I qŽ n.MN Ker f  Ker f I nN.
ˆThe following proposition shows that we may pass to R in testing
Ž .whether M satisfies the condition SC . Also see Corollary 3.4 for anotherr
explanation when M is finitely generated.
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ˆŽ .PROPOSITION 1.3. Let M be a module oer a local ring R,  . Let R
Ž .denote the completion of R. Then M satisfies the condition SC if and only ifr
ˆ ˆŽ .M R satisfies the condition SC as an R-module.R r
ˆ ˆŽ . Ž .Proof. We first note that Hom M, E Hom M R, E : Let f beˆR R R
ˆ ˆan extension of f : M E to M R. For an element a  r M R,ˆR i i R
q ˆŽ . Ž .let q 0 be an integer such that  f a  0 for all i. Then f a  rˆi i i
q ˆŽ . f r a for all r  R such that r  r  R. Hence f 1 is theˆ ˆi i i i i R
ˆonly extension of f to M R.R
ˆ qŽ . Ž . Ž .Moreover, Ker f 1  Ker f R. This is clear if  f M  0 forRˆ
ˆ q ˆ qŽ . Ž . Ž .some q 1 because Ker f 1  Ker f R M R and  MRˆ R
q ˆ ˆŽ . Ž .Ker f implies that  M R  Ker f R. For the general case let M R q
1Ž q.f 0:  . Since MM  lim M and the tensor product commutesE q q
with direct limit, the assertion follows.
Ž .Now the proposition follows from the definition of SC and the fact,r
ˆ ˆŽ .since R is faithfully flat, that Ker g Ker f if and only if Ker g  RR
ˆŽ .Ker f  R.R
Ž .PROPOSITION 1.4. Let M and N be modules oer a local ring R,  .
Ž . Ž .i If IM 0 for some ideal I R, then M satisfies the condition SCr
Ž .as an R-module if and only if M satisfies the condition SC as an RI-mod-r
ule.
Ž . Ž .ii If M satisfies the condition SC and M satisfies the condition1 r 21
Ž . Ž .SC , then M M satisfies the condition SC .r 1 2 r r2 1 2
Ž . Ž .k Ž .iii If N 0 and R N satisfies the condition SC , thenr
Ž .k r and N satisfies the condition SC .rk
Ž . Ž . Ž .Proof. i Let E  denote the injective hull of  as an A-module.A
Ž . Ž Ž ..Since E R Hom RI, E R , the conclusion follows fromR I R R
Ž . Ž Ž ..the definition of SC and the isomorphism Hom M, E R r R R
Ž Ž ..Hom M, E R .R I R I
Ž . tii Let f : M M  E be any homomorphism, and let f : M 1 2 i i
E i, for i 1, 2, denote the restrictions of f. Since M satisfies the condi-i
Ž . r ition SC , we can choose g : M  E such that Ker g  Ker f forr i i i ii
i 1, 2. Let
g g  g : M M  E r1 E r2 E r1r 2 .1 2 1 2
Since
Ker g Ker g 
 Ker g  Ker f 
 Ker f  Ker f ,1 2 1 2
Ž .M M satisfies the condition SC .1 2 r r1 2
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Ž . t Ž .kiii Let f : N E be any nonzero homomorphism. Let i: R
k Ž .k k t E denote an embedding, and f  i f : R N E  E 
k t Ž .k Ž .E . Since R N satisfies the condition SC , we can findr
Ž .k r Ž .k rh: R N E such that Ker h Ker f . Let h: R  E and
g : N E r denote the restrictions of h. Since Ker f  0 Ker f ,
Ker g  0, Ker g Ker f , and Im g 
 Im g 0.
It remains to show that Im g E rk and k r. Since Im g 
 Im g
Ž . Ž . Ž .0, E Im g  
 E Im g  0, where E  denotes the injective hull inside
r Ž . k Ž . Ž .E . Since E Im g   E and E Im g   E Im g is a direct summand of
r Ž . sE , E Im g  E for some s r k. Since Im g 0, k r. Since g can
Ž Ž . s . rkbe viewed as a homomorphism to E Im g  E  E , the proof is
complete.
The following proposition is the most important step for Theorem 1.7.
Ž .PROPOSITION 1.5. Let R,  be a local ring.
Ž .i Suppose that R is a CohenMacaulay local ring whose canonical
s Ž .module is isomorphic to some ideal J. If R satisfies the condition SC , thenr
for each q 1 there is a map  : Rs Rr such that Ker   qR s.q q
Ž . Ž . sii Let  be a prime ideal such that dim R 1. If R satisfies
Ž .the condition SC . Then s r.r
Ž .Proof. i For each q 1, let f denote the composite of the naturalq
s Ž q . s tŽ q. tŽ q.homomorphisms R  R R  E , where E is the injective
Ž q . s s Ž .hull of R R . Since R satisfies the condition SC , there is ar
homomorphism g : Rs E r such that Ker g  Ker f  qR s. We willq q q





rs nŽ q. nŽ q. n n rR J x , . . . , x J  lim J x , . . . , x J  EŽ . Ž .Ž . Ž .1 d 1 d
Ž n n.Let x , . . . , x be a system of parameters. Since E lim J x , . . . , x J,1 d 1 d
Ž . swe may choose n q  0 such that g factors through R q
Ž Ž nŽ q. nŽ q.. . r sJ x , . . . , x J . Since R is projective, we can lift g to a homo-1 d q
morphism to J r Rr to get a desired homomorphism  : R s Rr.q
Ž . r1ii By Proposition 1.1, it suffices to show that R doesn’t satisfy the
Ž . Ž .condition SC . Suppose the contrary. By Propositions 1.1, 1.3, and 1.4 i ,r
ˆ ˆ ˆ Žwe may complete and replace RR with a submodule R for a chosenˆ
.ˆminimal prime  of R to assume that R is a one-dimensional completeˆ
local domain. Since R is now generically Gorenstein, its canonical module
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Ž . r1 ris isomorphic to some ideal J. By i , there is  : R  R such thatq
0 Ker   qRr1 for each q 1. We now choose a nonzero xq
and q 0 such that  q xR. Pick any nonzero a Ker  and writeq
a x sa, where a xRr1. Since R is a domain, a Ker  . This is aq
q r1 r1contradiction because Ker   R  xR .q
Ž .Remark 1.6. Even though only part ii of Proposition 1.5 is needed for
Ž .  	Theorem 1.7, part i is stated separately to illustrate that a result in KL
below imposes a restriction only on dimension one primes: Let dim R 1.
Suppose that for each q 1 there is  : Rs Rr such that Ker  q q
 qRs. Since each  is the first homomorphism of a free resolution ofq
Coker  , the fact below forces that the projective dimension of Coker q q
be finite for all q . Hence Ker   0, and s r.q
We point out that the fact below doesn’t impose any restriction if
dim R 2 because the conditions on  are only for i dim R. In fact, ifi
depth R 2, we may construct  : Rr1 Rr such that Ker   qRr1q q
as follows: Let x, y be a regular sequence. Let I denote the identityr
matrix of size r. For each q 1 let A denote the r by r 1 matrixq
Ž q  . Ž  q . r1 rx I 0  0 y I . Let  : R  R be the homomorphism defined byr r q
the transpose of A . Let  i denote the ith maximal minor of A . By theq q q
Ž .HilbertBurch theorem Ker   R  , . . . ,  which is clearly con-q q1 qŽ r1.
tained in  qRr1.
 	 Ž .Fact KL, Theorem 1.8 . Let R,  be a CohenMacaulay local ring of
dimension d. Let M be a finitely generated module of infinite projective
dimension. Let
 i 1n n n ni i1 1 0F ,  :   R R    R R  0Ž . 
Ž .be a free resolution of M. Then there is an integer   R such that
Ker  Rni for all i d.i
Ž .We now prove part i of the Theorem in the Introduction.
Ž .THEOREM 1.7. Let M be a module not necessarily finitely generated oer
Ž . Ž .a local ring R,  . If M satisfies the condition SC , then M satisfies ther
Ž .condition B .r
r Ž . Ž .kProof. Suppose M E . Since Soc M  R is not an essential
submodule of M, there is a nonzero submodule N of M such that
Ž . Ž . Ž .Soc M 
N 0. Since Soc M NM satisfies the condition SC byr
Ž .Proposition 1.1, k r by Proposition 1.4 iii . Let  be a prime ideal such
Ž . s Ž .k Ž . sthat dim R 1 and R M. Since R  R M satis-
Ž . Ž . s Ž .fies the condition SC , R satisfies the condition SC by Proposi-r rk
Ž . Ž .tion 1.4 iii . Hence s r k by Proposition 1.5 ii , and M satisfies the
Ž .condition B .r
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Ž .2. THE CONDITION Br
Ž .In this section we show that the condition B implies the conditionr
Ž .SC for a finitely generated module over a complete local ring.r
Ž .We need to work over a complete local ring or at least over an E-ring
 	because, as was pointed out in H , this implication doesn’t hold in general:
 	Proposition 3.1 in FR shows that there is a local domain R of dimension
one such that
2ˆ ˆR   R .ˆ ˆŽ .
ˆ Ž .Since R doesn’t satisfy the condition B , it doesn’t satisfy the condition1
Ž . Ž .SC by Theorem 2.4. Hence R doesn’t satisfy the condition SC by1 1
Proposition 1.3 even though, being a domain, R clearly satisfies the
Ž .condition B .1
Ž .Since the condition B may be viewed as a condition on the injectiver
hull, we work with finitely generated submodules of injective modules. We
Ž .will show in Theorem 2.4 that if M satisfies the condition B , then anyr
finitely generated submodule of the injective hull of M satisfies the
Ž .condition SC .r
When dealing with finitely generated modules, we use the following
Ž .condition, which is easily seen to be equivalent to the condition SC :r
ŽŽ . . rSC for finitely generated M For each q 1, there is g : M Er q
such that Ker g  qM, or, equivalently, there is M  qM such thatq q
MM  E r.q
Ž .The key step in the proof of Theorem 2.4 is Proposition 2.3 i which
asserts that if dim R 2, then there are homomorphisms from R
with images in various parts of E. Proposition 2.2 shows how this fact can
be used to control the size of the kernel of the direct sum of these
homomorphisms.
We first handle the simplest case. For an R-module M we denote by
Ž .E M the injective hull of M as an R-module.R
Ž .PROPOSITION 2.1. Let R,  be a local ring which is a homomorphic
image of a Gorenstein local ring. Let  be a prime ideal of R. If M is a finitely
Ž . r Ž .generated submodule of E R , then M satisfies the condition SC .R r
Proof. Since M is finitely generated, we can find a finitely generated
Ž . rR-submodule N of E R such that MN . We may assume thatR
MN r by Proposition 1.1, and assume further that r 1 by Proposition
Ž .1.4 ii .
Let R SI, where S is a Gorenstein local ring. Since
E R Hom R , E R  E R ,Ž . Ž . Ž .Ž .R S S S
Ž .we may assume that R is Gorenstein by Proposition 1.4 i .
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Since M is finitely generated,  n kills M for some n 0. Choose a
maximal R-sequence y , . . . , y inside  n and replace R with1 s
Ž . Ž .R y , . . . , y to assume, by Proposition 1.4 i again, that  is a minimal1 s
Ž .prime. Since R is now 0-dimensional Gorenstein, E R  R
Ž . Ž .E R R  R . Let Q R denote the total quotient ring of R. SinceR   
Ž . Ž .Q R is 0-dimensional, Q R is a direct product of its localizations at the
Ž . Ž .maximal ideals. In particular, R  Q R  Q R , and hence QŽ R.
Ž . Ž . Ž . Ž .E R Q R . Since M E R Q R is finitely generated, MR R
Ž . Ž .1x RQ R for some nonzero divisor x. Hence it suffices, by Proposi-
Ž . Ž .tion 1.1, to show that 1x R R satisfies the condition SC . Let1
x , . . . , x be a system of parameter s for R. Let g denote the composite1 d q
of the natural homomorphisms
R R x q , . . . , x q  lim R x q , . . . , x q  E.Ž . Ž .1 d 1 d
Ž q q. qSince R is Gorenstein, Ker g  x , . . . , x  . The proof is nowq 1 d
complete.
DEFINITION. Let J be an ideal of a local ring R. M is said to satisfy
Ž .the condition SC with images in 0: J if J kills the image of g in ther
Ž . Ž t. rdefinition of SC ; i.e., for each fHom M, E , there is g : M Er R
Ž .such that Ker f Ker g and J Im g  0.
The following proposition provides a sufficient condition for a direct
Ž .sum to satisfy the condition SC .r
Ž .PROPOSITION 2.2. Let R,  be a complete local ring. For 1 i t, let
M be a finitely generated R-module, and let J be a dimension one ideal suchi i
that
Ž . Ž .i M satisfies the condition SC with images in 0 : J , andi r i
Ž .ii J contains a nonzero diisor of  M .i jj i
Ž . Ž .Then  M satisfies the condition SC with images in 0 :  J .i r 1 i t i1 i t
Proof. By induction, it suffices to show the assertion for t 2. Let
Ž n . Ž n .q 1 be given. We first note that  m M : J    M : J n 1 M 2 n 1 M 21 1
0: J  0, because J contains a nonzero divisor on M . By Chevalley’sM 2 2 11
ŽŽ . . Ž .theorem  in the Introduction , we can choose n q  0 such that
nŽ q. q Ž . M : J  M . Similarly, we may assume, increasing n q if neces-1 M 2 11
sary, that  nŽ q.M : J  qM . Since M , for i 1, 2, satisfies the2 M 1 2 i2
Ž . rcondition SC with images in 0 : J , we can choose g : M  E such thatr i i i
nŽ q. Ž . rKer g  M and J Im g  0. Let g : M M  E be defined byi i i i 1 2
Ž . Ž . Ž . Ž . Ž . Ž .g a , a  g a  g a . Suppose g a , a  g a  g a  0. Since1 2 1 1 2 2 1 2 1 1 2 2
g xa  xg a xg a  0Ž . Ž . Ž .1 1 1 1 2 2
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for each x J ,2
a  Ker g : J  nŽ q.M : J  qM .1 1 M 2 1 M 2 11 1
q qŽWe can similarly check that a  M to conclude that Ker g M2 2 1
. Ž .M . Hence M M satisfies the condition SC . Now the conclusion2 1 2 r
Ž .Ž . Ž . Ž .follows because J 
 J Im g  J Im g  J Im g  0.1 2 1 1 2 2
The following proposition, which is the most important step for Theo-
rem 2.4, shows that if  is a prime ideal of dimension  2, then any
Ž . s Ž .finitely generated submodule of E R satisfies the condition SCR 1
for all s 1.
Ž .PROPOSITION 2.3. Let R,  be a complete local ring. Let  be a prime
ideal of R such that dim R 2.
Ž . Ž .i Let M be a finitely generated submodule of E R . For eachR
Ž .dimension one prime Q  , there is n n M, Q such that M satisfies the
Ž . ncondition SC with images in 0 : Q .1
Ž .ii Let s 1 be any integer. Let M be a finitely generated submodule of
Ž . s  4E R . Let P : 1 i t be a set of distinct prime ideals of dimensionR i
one. Then there is a dimension one ideal J such that J P , and M1 i t i
Ž .satisfies the condition SC with images in 0 : J.1
Ž .Proof. i By the Cohen structure theorem, we may write R SI,
Ž .where S is a complete regular local ring. By Proposition 1.4 i , we may
Ž .assume that R is regular Gorenstein . Let q 1 be given. We will find
a homomorphism g : M E using the following diagram:
g h  M Im h E
 
i
h  Ž . Ž .M E R QR  E RQQ R Q Q RQ
Ž . Ž n .Since Ass M   and Q  , MM and  M
Q M  0.Q n1 Q
ŽŽ . . Ž .By Chevalley’s theorem  in the Introduction , we may choose n q  0
nŽ q. q Ž .such that M
Q M  M. Localizing M E R at Q, we getQ R
Ž .M  E R R . Since R is Gorenstein, M satisfies the conditionQ R Q Q Q QQ
Ž . Ž .SC as an R -module by Proposition 2.1. We may thus choose an1 Q
Ž .R -linear homomorphism h: M  E R QR such that Ker hQ Q R Q QQ
QnŽ q.M . Let i: MM denote the inclusion and h h i. ThenQ Q
Ker hM
 Ker hM
Q nŽ q.M  qM .Q
Ž .Since Im h is a finitely generated R-submodule of E R QR R Q QQ
Ž . Ž . Ž .E RQ , it satisfies the condition SC as an R-module by PropositionR 1
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qŽ .2.1. Hence we can find g : Im h E such that Ker g  Im h . Let
g g h. Since
Ker g h1 Ker g   h1  q Im h  qM Ker h qM ,Ž . Ž .Ž .
Ž .M satisfies the condition SC . Since Im h is a finitely generated submod-1
Ž . Ž . nŽ .ule of E RQ , there is an n n Q such that Q Im h  0. SinceR
Ž . Ž . nIm g g  Im h , M satisfies the condition SC with images in 0 : Q .1
Ž .ii Since M is finitely generated, we may find a finitely generated
Ž . ssubmodule N of E R such that MN . By Proposition 1.1, we mayR
assume that MN s. Since dim R 2, there are infinitely many di-
mension one prime ideals containing . Pick s distinct prime ideals
 4 Ž .Q , . . . , Q containing  outside the set P : 1 i t . By i , we can find1 s i
Ž . nn 0 such that N satisfies the condition SC with images in 0 : Q for1 j
s Ž .each 1 j s. By Proposition 2.2, N satisfies the condition SC with1
n nŽ . Ž .images in 0:  Q . Hence J  Q is a desired ideal.1 j s j 1 j s j
Ž .We now prove part ii of the Theorem in the Introduction. We de-
Ž .note by   , M the 0th Bass number of M with respect to  , i.e.,0
Ž . Ž Ž . . Ž .  , M  dim Hom k  , M , or equivalently, E M 0 k Ž . R  R
Ž . 0Ž , M . E R .R A ssŽ M .
THEOREM 2.4. Let M be a finitely generated module oer a complete local
Ž . Ž .ring R,  . If M satisfies the condition B , then eery finitely generatedr
Ž . Ž .submodule of E M satisfies the condition SC .R r
r Ž . ŽProof. Since E satisfies the condition SC the identity homomor-r
. rphism has a trivial kernel , every submodule M of E satisfies the
Ž . rcondition SC by Proposition 1.1. We now assume that M E satisfiesr
Ž . Ž .  4ii of the condition B . Let  : 1 i t be the set of all non-maximalr i
associate primes of M listed in such a way that dim R  1 for 1 i si
Ž . Ž .and dim R  2 for s 1 i t. Let k dim Soc M  r andi R
Ž .    , M . Since M is a finitely generated submodule of its injectivei 0 i
hull
 ikE   E R ,Ž .Ž .R i1 i t
Ž .  iwe may choose finitely generated submodules M of E R such thati R i
k Ž . kM E   M . By Proposition 1.1, we may assume that M Ei1 i t
Ž . k Ž .  M . Since E satisfies the condition SC , it suffices to show,i k1 i t
Ž . Ž .by Proposition 1.4 ii , that  M satisfies the condition SC .i rk1 i t
Ž .Since   r k for 1 i s by the condition B , M satisfies thei r i
Ž .condition SC for all 1 i s by Proposition 2.1. Choose n 0 sork
n Ž .that  M  0. Then, for all 1 i s, M satisfies the condition SCi i i rk
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with images in 0 : P n. For s 1 i t, we may successively apply Propo-i
Ž .sition 2.3 ii to find dimension one ideals J such that M satisfies thei i
Ž . Ž Ž ..condition SC  SC with images in 0 : J and the ideals1 rk i
 n n 4 Ž . , . . . ,  , J , . . . , J satisfy the condition ii of Proposition 2.2. Hence1 s s1 t
Ž . M satisfies the condition SC by Proposition 2.2. The proof isi rk1 i t
now complete.
3. OTHER RESULTS, E-RINGS, AND QUESTIONS
 	In this section we extend some of the results in Me concerning the
Ž .condition SC . These results follow quite easily from Theorem 2.41
because the proofs can be reduced to complete cases. We also discuss the
notion of an E-ring due to Hochster, and some questions related to the
Ž . Ž .conditions SC and B .r r
Ž .PROPOSITION 3.1. Let R,  be a local ring. Let M be a finitely
generated R-module.
Ž .i If N is an essential submodule of M, then M satisfies the condition
Ž . Ž .SC if and only if N satisfies the condition SC .r r
Ž .ii If x is a nonzero diisor on M and MxM satisfies the condition
Ž . Ž .SC , then M satisfies the condition SC .r r
Proof. By Proposition 1.3 and the fact that essential submodules stay
essential under flat base change, we may assume that R is complete. Now
Ž .i follows immediately from Theorem 2.4 because M and N have the
same injective hull.
Ž . n1 nii Let q 1 be given. Since x is a nonzero divisor, x Mx M
MxM is an essential extension of Mx nM for all n 1. Since Mx nM
Ž . Ž . qsatisfies the condition SC for all n 1 by i , we can find g : Mx Mr
r qŽ q . E such that Ker g  Mx M . Let g g 	 , where 	 : M
Mx qM is the natural homomorphism. Then
Ker g 	1 Ker g   	1  q Mx qM  qM Ker	 qM .Ž . Ž .Ž .
Ž .Hence M satisfies the condition SC .r
Ž .We give another proof of Proposition 3.1 ii at the end of the section.
The next result deals with flat base change.
Ž . Ž .PROPOSITION 3.2. Let  : R,   S,  be a flat local homomorphism
of local rings. Let M be a finitely generated R-module.
Ž . Ž .i If M satisfies the condition SC and SS satisfies the conditionr
Ž . Ž .SC , then M S satisfies the condition SC .s R r s
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Ž . Ž .ii If dim R dim S and M S satisfies the condition SC , then MR r
Ž .satisfies the condition SC .r
Proof. Composing  with the natural homomorphism from S to its
completion, and using Proposition 1.3, we may assume that S is complete.
Ž . Ž .i Let q 1 be given. Since M satisfies the condition SC , we mayr
choose M  qM such that MM  Er. Hence MM has an essentialq q q
Ž . Ž .bsubmodule Soc MM  R for some b r. Since S is flat over R,q
Ž .b Ž .b ŽSS  R  S is also an essential submodule of MR R
. Ž . Ž .b Ž .S  M  S . Since SS satisfies the condition SC by Proposi-q R b s
Ž . Ž . Ž . Ž .tion 1.4 ii , M S  M  S satisfies the condition SC by Propo-R q R b s
Ž .sition 3.1 i . Hence we can find a submodule N M S containingq R
M  S such thatq R
N  M  S   q M  SM  SŽ . Ž .q q R R q R
and
b sM S N  E S .Ž . Ž .R q S
Since
b r and N  M  S   q M S   q M S ,Ž . Ž .Ž .q q R R R
Ž .M S satisfies the condition SC .R r s
Ž .ii Since S is complete, we may extend  to the completion of R. By
Proposition 1.3, we may assume that R is complete as well. By Theorem
Ž .2.4, it suffices to show that M satisfies the condition B . Suppose thatr
r Ž . Ž .k Ž .kM  E . Let Soc M  R . Since dim SS  0, S 
Ž .k Ž .SS M S. Since M S satisfies the condition B by Theo-R R r
rem 1.7, and
 4Ass M S  Ass SS :  Ass M   , 4Ž . Ž . Ž .R
Ž . Ž . tk dim Soc M S  r. Suppose that R M, where  is aS  R
prime ideal of dimension one. If P S is a minimal prime of S, then
Ž . Ž . t Ž . Ž . tdim SP  1 and SP  SS M S. Since SP satisfies theR
Ž .condition B by Proposition 1.1 and Theorem 2.4,r
t r dim Soc M S  r k .Ž .S  R
Ž .Hence M satisfies the condition B .r
Ž .Remark 3.3. The equidimensional condition in Proposition 3.2 ii is
 	  		essential because, as was pointed out in H , the power series ring R x, y
Ž .  		satisfies the condition SC for any complete local ring R: Since R x, y1
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is of depth  2, it doesn’t have any associated prime of dimension  1.
Hence it satisfies the condition by Theorem 2.4.
Ž . Ž .COROLLARY 3.4. Let  : R,   S,  be a flat local homomorphism
Ž .of local rings such that SS satisfies the condition SC and dim R1
dim S; e. g., S is the completion of R. Let M be a finitely generated R-module.
Ž .Then M satisfies the condition SC if and only if M S satisfies ther R
Ž .condition SC .r
Ž . Ž .Proof. This follows immediately from Proposition 3.2 i and ii . We
Ž .note that since dim SS 0, the condition SC for SS is equiva-1
lent to SS being Gorenstein.
We now make a few remarks on the notion of an E-ring defined by
 	Hochster in H .
Ž .Let M be a finitely generated module over a local ring R,  . As was
Ž .shown in Proposition 3.3 or Proposition 1.3 , M satisfies the condition
ˆŽ . Ž .SC if and only if M satisfies the condition SC . However, only oner r
Ž .direction of implication holds for the condition B in general:r
ˆŽ . Ž . If M satisfies the condition B , then M satisfies the conditionr
Ž . Ž .B by Theorems 1.6 and 2.4 .r
Ž . ŽE-rings are the local rings over which the converse of  holds. Hence
Ž . Ž .the conditions SC and B are equivalent for finitely generated mod-r r
. Ž .ules over E-rings. Since the condition B can be rephrased in terms ofr
Ž . Ž .0th Bass numbers as either   , M  r and   , M  0 for all prime0 0
Ž . Ž . Ž .ideal  , or else   , M  r and   , M    , M  r for all0 0 0
ˆŽ .dimension one prime  , the E-ring condition should deal with   , Mˆ0
ˆŽ .for primes  Ass M of dimension  1. Sinceˆ Rˆ
ˆ ˆ ˆAss M  Ass RR :  Ass MŽ .Ž . Ž .ˆ ˆ½ 5R R R
and
ˆSoc M  Soc M ,Ž . Ž .
the E-ring condition deals only with formal fibres of dimension one. We
Ž .recall the definition of E-rings: A local ring R,  is said to be an E-ring
if
ˆŽ .1 For all dimension one prime  R and  R lying over  ,ˆ
ˆ ˆŽ . Ž .  ,RR  1 i.e., the formal fibre at  is Gorenstein , andˆ0
ˆ ˆŽ . Ž .2 For all primes  R of dimension  2, Ass RR contains no
dimension one primes.
ˆŽ . Ž . Ž .Part 1 is to assure that   , M    , M for all dimension oneˆ0 0
ˆŽ . Ž .prime  lying over  , and 2 is to assure that Ass M doesn’t containˆ Rˆ
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any new dimension one primes other than those lying over dimension one
Ž .primes in Ass M .R
ˆŽ .We note that if depth A 2, then no  Ass A is of dimension oneˆ
ˆ ˆbecause dim A depth A depth A 2. The same holds if A is aˆ
domain of dimension  2 whose normalization A is a finitely generated
ˆ ˆ ˆ ˆA-module because if A A A, then some prime  A lying over ˆ ˆ
ˆ ˆ ˆ ˆŽ .is in Ass A . Since depth A 2, 2 dim A dim A. Hence theˆ ˆ
Ž . Ž .condition 2 is satisfied if R  is a finitely generated A-module for all
Ž .primes  R of dimension  2. In particular, the condition 2 is satis-
fied if R is excellent. Since the formal fibres of an excellent ring are
Ž . Ž .regular Gorenstein , the condition 1 is also satisfies for excellent
rings.
Since we only need Gorenstein property for the formal fibres of dimen-
Ž . Ž .sion one primes in 1 , acceptable rings also satisfy the condition 1 .
Ž  	Sharp defined acceptable rings in S by replacing the regular condition in
.the definition of excellent rings with the Gorenstein condition. However,
Ž .it is not clear to the author whether they satisfy the condition 2 : The
ˆnormalization of a domain A is a finitely generated A-module if A is
Ž  	.reduced see M1 . This property is clear for excellent rings but not quite
so for acceptable rings. The following question seems appropriate:
QUESTION 1. Are acceptable rings E-rings?
Ž . Ž .The next question deals with the conditions SC and B for infinitelyr r
generated modules. Our main interest is the case when T is the injective
hull of a finitely generated module because Theorem 2.4, along with
Proposition 1.1, strongly suggests that the following question may have an
affirmative answer.
Ž .QUESTION 2. Let R,  be a complete local ring. Let T be an infinitely
generated module. Are the following two conditions equialent?
Ž . Ž .i T satisfies the condition SC .r
Ž . Ž . Ž .ii T satisfies the condition B and    , T  
.r  S p ec R 0
Ž . Ž .For the implication i  ii , one only needs to show, by Theorem 1.7,
that an infinite direct sum of injective modules, or infinite direct sum of
prime cyclic modules by Proposition 1.1, doesn’t satisfy the condition
Ž . Ž .
SC . Even the simplest case of R for a prime ideal of dimensionr
 2 doesn’t seem to be easy.
Ž . Ž .For the implication ii  i , one may assume, replacing T with its
injective hull and using Proposition 1.1, that T is injective. Since E k
Ž . Ž .satisfies SC the identity homomorphism has the trivial kernel , itk
Ž .suffices to show, by Proposition 1.4 ii , that
Ž .a  E R   E R ,  a   
,Ž . Ž . Ž .Ž . ž /R R dim R  2ht1 dim R  2
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Ž .satisfies the condition SC . The same reasoning used in the proof of1
Theorem 2.4 will prove this implication if one establishes the following two
statements even though neither of these two statements seems easy to
prove:
Ž . Let  be a prime ideal of dimension  2. For each dimension
Ž . Ž .one prime   , E R satisfies the condition SC with images inR 1
 	  	 Ž n.E  , where E J denotes  0: J .E
Ž . Let J and J be dimension one ideals such that J  J is1 2 1 2
Ž .primary to . If an injective T satisfies the condition SC with images ini 1
 	 Ž .E J , for i 1, 2, then T  T satisfies the condition SC with imagesi 1 2 1
 	in E J 
 J .1 2
We include the following question even though it is not even clearly
formulated:
Ž .QUESTION 3. The condition SC is almost equialent to the conditionr
Ž .B on the 0 th Bass numbers. What would be analogous conditions, if any,r
for higher Bass numbers?
As a simple example, we claim:
ŽLet M be a finitely generated module oer a complete local ring or an
. Ž . Ž . Ž .E-ring R,  . If   , M    , M  r, then M satisfies the condi-0 1
Ž .tion SC .r
Ž . Ž .If   , M  r, then   , M  0, which implies that M is of0 1
Ž  	. rinjective dimension 0 see R1, FFGR . Hence M E in this case. When
Ž .  , M  r, the claim follows from Theorem 2.4 and the fact that0
Ž . Ž . Ž  	.  ,M    , M for all dimension one prime  see F, R2 .0 1
Ž .Using this claim, we may give another explanation of Proposition 3.1 ii :
Ž .if x is a nonzero divisor on M and MxM satisfies SC , then M satisfiesr
Ž . Ž .the condition SC . Since we may pass to completion and   , M  0r 0
Ž . Ž .depth M 0 , it suffices to show that   , M  r by the claim above.1
Ž . Ž Ž ..Since   , MxM  r MxM satisfies the condition SC , the con-0 r
Ž . Ž .clusion will follow if we show that   , M    , MxM .1 0
Ž . Ž .If x is also a nonzero divisor on R,   , M    , MxM by the1 0
Ž .isomorphism due to Rees
Ext1 R , R Hom R , MxM Hom R , MxM .Ž . Ž . Ž .R R x R R
Ž .For the general case, let E M denote the injective hull of M andR
consider the following exact sequence which is the first step in the injective
resolution of M:
0M E M  Coker 0.Ž .R
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Ž . Ž .We apply Hom RxR ,  . Since Hom RxR , M R R
1 Ž Ž ..Ext RxR, E M  0, we get a short exact sequenceR R
0Hom RxR , E M Hom RxR , CokerŽ . Ž .Ž .R R R
 Ext1 RxR , M  0.Ž .R
Ž . 1 Ž .We now take Hom R, . We note that Ext RxR, M MxMR x R R
Ž Ž ..because 0: x 0: M. Since Soc E M  0, we get an injection 0R R R
Ž . Ž .Soc Coker  Soc MxM . Since
  , M  dim Soc CokerŽ . Ž .1 R
and
  , MxM  dim Soc MxM ,Ž . Ž .0 R
Ž . Ž .  , M    , MxM .1 0
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